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ABSTRACT 
Characterization of friction behavior   during steady sliding of 
metals is developed based on the upper-bound method and the assumption 
of rigid tool.    The analysis focuses on the energy consumed by the 
relative motion of materials.    A criterion for steady state sliding 
is offered through the optimization process and the characteristics 
of power function.    The results appear to be consistent with a number 
of published observations.    In addition,  the sublayer's deformations 
and the apparent Coulomb's coefficient of friction for moderate loads, 
and the constant friction drag for excessive loads, are determined as 
functions of the nominal  normal  pressure ph   , the interface friction 
factor m    , and the wedge angle a,   . 
With no additional assumptions for the sublayer deformation 
parameters    a?,    h? and   £    ,  the results appear most encouraging, and 
the relative, simplicity of the technique when compared with present 
alternatives is quite attractive. 
INTRODUCTION AND BACKGROUND 
The Wanheim's Ridge and the Rigid Triangles 
As a ridge on the surface of a tool is pressed onto the surface of 
a workpiece, it indents the workpiece minutely and produces a bulge, or 
another ridge in the workpiece, ahead of the indentation (see Fig. 1). 
The workpiece slides relative to the tool parallel to the nominal direc- 
tion of the interface between the tool and the workpiece at the speed U. 
This sliding causes distortion (plastic deformation) of the ridge in the 
workpiece and to a lesser degree, in the tool. The plastic deforma- 
tions extend beyond the protrusion of the ridge deeper into the work- 
piece ( and tool), below the surface. 
Such a ridge was introduced by Wanheim [1] in his Ph.D disserta- 
tion and was studied extensively by Wanheim and his colleagues since 
then. In the present work, the Wanheim ridge will be adopted for the 
treatment of diverse number of problems by the upper bound approach. 
Therefore, at 'this section we will treat the upper bound approach to a 
velocity field associated with the ridge as the plastically deforming 
region. j 
A convincing proof of the mobility of the asperities is found in 
the paper by Wanheim and Abildgaard [2]. In their experiments, a ridge 
was machined circumferentially on a cylindrical rod as shown in Fig. 2. 
As the rod was pushed through the die, the ridge stayed with the die, 
moving from the top end of the rod to the bottom. The only manifest- 
ation of the events that took place were tool marks on the rod. In 
order to observe subsurface events, the original rod was made of two 
2 
sections glued together and held concentric by a pin. The glued 
interface was originally a flat surface perpendicular to the axis 
of symmetry. After the die and ridge passed over the glued inter- 
face, the part of the flat surface that was near the outer cylin- 
drical surface of the rod was dragged in the direction of motion 
of the die and ridge. The zone of distortion did not penetrate deeply 
under tfie outer cylindrical surface. The shape of the interface 
revealed the depth to which the skin of the rod had deformed plastically 
during the transport of the ridge. Based on the ridge experiment, a 
slip line field was proposed in Ref. 2 which offers a plastic defor- 
mation mode of the ridge and a thin layer beneath it that will accom- 
modate the transfer of that ridge. Their slip line field provides for 
the suppression of the ridge immediately under the die, causing the 
ridge to penetrate the subsurface of the workpiece, resulting in the 
rise of a bulge in front of the advancing tool. The ridge moves 
up and down -and forward, like an ocean wave. 
The Velocity Field 
In the present model the ridge and the region of plastic defor- 
mations below the surface are described through the motion of two 
triangles, each acting as a rigid body in linear motion (see Figs. 3). 
The model of Figs. 3 applies to the study of a plastically deforming 
J 
surface, constrained by an elastic surrounding. This simple basic 
model is extended later through modifications to describe plastically 
deforming surroundings. 
The stationary tool of Fig. 3(a) blocks the way for the ridge to 
move horizontally with the bulk of the workpiece. Thus the triangle 
3 
0,E0 slides in the direction shown, parallel to the surface of the 
ridge of the die. The triangle 0,E0 penetrates into the workpiece. 
Because of volume constancy, a volume of material has to escape from 
the workpiece at identical rates to that penetrating in. This volume 
escapes the surface through the motion of triangle 0,A0, moving in the 
direction parallel to the free surface (AO,) of this triangle. 
Understanding of the concept of the rigid motion of the triangles 
can be enhanced by a look from another viewpoint. Let the workpiece 
be stationary and the tool move to the left at the velocity (U) as 
shown in Fig. 3 (b). In Fig. 3 (b), the triangle 0,E0 slides parallel 
to the direction EO, into the workpiece, and triangle 0-.A0 slides in the 
direction parallel to OA and out of the workpiece. 
Consider straight vertical grids in the original workpiece, as 
described in Fig. 3 (b), to the left of the tool. These grids distort 
when the tool and the ridge pass through them, as shown to the right of 
the tool. The depth of the deformation affected surface layer is iden- 
tical to the depth of point 0 below the surface. 
The shape of the ridge and the triangles, and the depth of the de- 
formation region are studied later through an upper bound model. 
The Power of Deformations 
The independent parameters of the 'process' described in Figs. 4 
are 
a.      The angle of the ridge on the tool. 
p       The tool pressure on the workpiece. 
m      Interface friction factor, 
o 
U Workpiece velocity, when tool   is at rest, and 
a The flow strength of the workpiece. 
The triangles are sliding relative one to each other,  relative 
to the bulk of workpiece, and over the  ridge.    The velocity of the 
individual  triangles and the sliding velocities are calculated in the 
next section.    Through this   'velocity field'   the dependent parameter, 
the total  power J*. or the horizontal  push  (force per unit length) 
required to produce the motion of the tool   is calculated. 
The shape of the triangles is defined through the values of ou , 
a
0,   & ,  h,  and hOJ where the values of a ,  h0 and H    are considered 2      o      1 2 2      2 o 
pseudoindependent parameters.    They are treated as variables so that 
the total  calculated power J* ts a function of the independent and of 
the pseudoindependent prgcess parameters,  symbolically presented as 
J* vUcy* (Oj, p or h-j, mQ and ou,  l     and hg) (1) 
Note that for non-strain hardening, Mises'  perfectly plastic 
material,  the total  power is linearly proportional  to velocity 
(U)  and flow strength  (a ) of the workpiece. 
When  the actual  expression for J* is derived,  the expression can 
be minimized with respect to the pseudoindependent process parameters. 
Then the values of ou,  I , and h„, which minimize J* are chosen as 2  o     2 
representing the actual geometry of the deformation so that ou, I    and 
h? are expressed as functions of the independent process parameters. 
ou, l   ,  and h„ = /^ 2 & 3 ^al ' mn and hl or ^ ^ 
By substitution of the values defined by-Eq. (2) into Eq. (1), the 
total power becomes a function of the independent parameters only 
J* 
= f (a,, m , and h, or p) (3) UaQ ~  v"l» 'V ""u "1 
Equations (2) and (3) represent symbolically the dependence of 
the geometry of the deformation region and the power of deformation on 
the three independent process parameters, a,, m and p.     Intuitively, 
it is not hard to observe that for higher pressure value (p), the height 
of the ridge h,, the depth of the deformation region and the power J* 
will be higher. The model of the ridge studied in this work has a 
potential to be helpful in the analysis of a large number of processes. 
In some of them the independent parameter will be the height h, and in 
others the independent parameter will be the pressure p. Thus, initially, 
we are treating h, as the independent parameter, leading to the deter- 
mination of p.     Later we will treat p  as the given independent parameter 
which will then lead to the determination of h,. Through the analytical 
solutions presented in this manuscript, the dependence of the dependent 
and of the pseudoindependent parameters on the independent parameters is 
determined quantitatively. 
Potential Applications of the Concept of the Ridge by Wanheim 
The major categories for which the use of the ridge (through the 
application of the upper bound approach) provides an analytical tool 
are: 
1. Study of the friction phenomenon, 
2. Study of orthogonal cutting, and 
3. Study of shaving 
DERIVATION OF AN UPPER BOUND ON POWER 
Description of the Model 
Fig.4a gives a two-dimensional plane strain picture of a model 
used to represent an asperity. The deformation region is divided into 
two rigid bodies designated by zone I and zone II. The model has 
five boundaries, T, , IV. T^,  I\, and Tg. 
The surface r, is the interface between the tool and the ridge. 
Sliding occurs along the surface r, as the tool moves forward at a 
velocity U. Shearing occurs over the surfaces of velocity discon- 
tinuities r~5 r3, and IV. Surface IV is a free surface. 
Determination of Some Geometrical Relations 
BE = hl cot al 
BE = h2 cot a2 
Be = hl tan Y 
CD • h2 tan Y 
BC + CD = BE - DE 
. (h, + h9) tan y = h, cot a, - h0 cot a n 
tan Y = 
COt
 
al " h~ cot a9 
    1 
1 + 
cos Y •
hl + h2 
>  (4a) 
(hj cota2 - h2 cota2) + (h +h )' 
cot 31= ^ - cot V 
cot a. 
cos 8 ;   sin  8,   = 1     7—Z 7' 1    /—JET Ac£--V       Atr cota )' 
>
   (  4b), 
cot  80= -r-  -  cot a.,; 2    h2 2 
cos   82  = 
r cot a_ 
h2 2 
/♦& 
;   sin B2 = 
H0-- cota y 
2 c Ae cota_)' 
>(4c) 
Inspection of Fig.4a leads to the observation that the two regions 
(Zones  I and II) prevail  only when 
a    + a2 <   180    and 
B    + 82 <  180 (5e) 
The second of Eqs. (5a) can be viewed as stating that AE > CE or 
I  > 
o 
h -h2 (cot a  + cot a ) 
hl + h2 (5b) 
The first of Eqs.   (5a)  is always satisfied when     N. 
a2 ^ot"
1
 [(Vhi^ - cot al]        (5C) 
how ever, if a^ < cot"1 [(^/l^) - cota^, then (5d) 
<U 
the second of Eqs. (5a) is satisfied when 
I 
2<  cota2 + cota. - (£/h.) ^5e^ 
When the "smaller than" sign  (<)  in Eq.(5e)  is replaced by the equal 
sign (=),  the constant B defined at the bottom of Table 1  is zero. 
The domain in the h~ - ou plane where the velocity field by Fig.4a 
is  valid,  is described in    Fwj. 4b • Later on, when the 
total  power requirement will  be optimized with respect to a? and h?, 
the minimal  value for J* will be sought in the valid domain only. 
Determination,of the Velocity of Zone I 
First one observes that the rigid body motion of Zone I  is 
described by a vector parallel  to the surface Y..    Thus,  the continuity 
of flow through surface r_  ,by Fig.5 is expressed by 
U sinB2 = Vj. sinCBj + B^  = VjCsinBj  cosB2 + cos^  sin62) (6a) 
Substitution of the values for the geometrical  funtions  (sin and cos of 
3-|  and    B2 )  from Eqs. (4b),(4c)  into Eq.(6a)  leads  to 
v_j_   / + ( Y"cot V' 
lr 
(6b) 
U r-° - cot a    +     °     cot a, 
n2 2      hj 1 
Determination of the Velocity of Zone II 
By Fig.6  ,  zone II must move parallel  to the surface of the tool 
Thus the continuity of flow across the surface r~ ,  by Fig.6 is 
U sin a2 = vn sin (^ + a,,) 
or 
sin a 
II 2  , 
(7) 
.  u   sm ( ax + a2)  . 
Determination of Velocity Discontinuities and Surface Lengths 
A. Surface r. 
The length of r, as seen from Fig.4a is 
h. 
JT,       sin a. 
(8) 
The velocity discontinuity |Av| along l\ , |Av|-i , is simply v,, 
the velocity in Zone II minus the velocity of the tool (which is 
zero) 
\to\1 = lvn - °l = lvn 
Applying Eq.(7) , then 
sin a. 
(9) 
Av 
B. Surface r. 
U — 
sin(a +a2) 
sin a. 
U —T sinCc^+c^) (10) 
The length of T~  again as seen from Fig.4a 
,  _   h„ 
2  sin a 
The velocity discontinuity along r2 follows the equation 
|Av|2 *  |u cos a2   - vjj'cos (c^ + a )| 
Substituting Eq.(7) and simplifying yields 
10 
(11) 
(12) 
\> 
Av 
U [cos a2 sin(a +a„) - sin a cos(a +a )] 
sinf^ + a2) 
(13) 
Applying the sine and cosine addition identities to the numerator 
reduces Eq.(13) to 
|Av|2 =  u 
sin a (sin a„) + sin a [cos a„) 
sin (a + a ) 
(14) 
Incorporating the Pathagorean Theorem 
sin a. 
|Av|2 = U sin(a1+a2) (15) 
C. Surface r3 
From the geometry , the length of r3 is 
i, =-^- T-   sing. 
(16) 
Employing the relationship for sinB2 from Eq.(4c) and letting 
C2  =   t(Vh2  "  cota2)2  +  lJ* 
simplifies Eq.(16)  to 
The velocity discontinuity   along r3 is 
|Av|3    =   |U cos 62  -  vr cosCBj+'B^I 
Applying Eq.(5)  for Vj   reduces Eq.(19)  to 
IAv I     = U 1
      '3 
cos  32-sin(e +B2)  -  sin B2 cosCBj+B^ 
sin  (Bx +  B2) 
(17) 
(18) 
(19) 
(20) 
U 
Again , employing the sine and cosine addition identities 
and simplifying 
Av 
sin 3n 
U 
sin B cos B2 + cos 3, sin B2 
(21) 
Using the relationships for 6, and B2 from Eq-(4) applying Eq. (17) 
and letting 
B = cot &l  + cot B2 = (s-0/h1 + A0/h2) _(cot ai + cot °2^ ^22^ 
allows 
|AvU = U|C /B| 
D. Surface V. 
From the geometry , the length of r. is 
(23) 
Jr4 " 
sin
 
6i 
(24) 
Substituting the relationship for sin g,  from Eq.(4b) and letting 
Cx = CC^Q/h1 - cot o'j)2 + l]* (25) 
reduces Eq.(24)  to 
L      = h1.C1 
4 
E.    Surface rv 
From the geometry  ,  the length of TV is 
b 
T5 " cos Y 
Employing Eq.(4a) for cosy and allowing 
(26) 
(27) 
12 
A
 =<ci + h2/hl)2 + [cot ai _CVhi)cot ^ 
simplifies Eq.(27) to 
Lr   = h..A 
5        l 
(28) 
(29) 
The velocity discontinuity along rv follows an equation of the 
form of : 
| Av |       = Vj sin  (Bj  -Y )  + vn sin  Cai + Y) (30) 
Using Eqs.(5) and (7) for vT and vTT and noting the simplification 
allowed by the use of the sine addition identity (to the numerator) 
reduces Eq.(30) to 
Av 
sin 8^ 
sin (al + Bl) 
sin(31 + 62)  cos(a +Y) 
(31) 
Extending sin(Sn + B9 ), substituting Eqs.(4b) and (4c) reduces 
'1 
sin 8- 
sin(81+82) 
1 + (AQ/h1 - cot c^)* 
£ /h - cot a_ + £0/hj - cot a1 
(32) 
Allowing 
B .= cot 8X + cot 82 
= (A /hx + £ /h2) - (cot ax + cot a2) 
and employing Eq.(25) simplifies 
(33) 
sin 82  C 
sin(81+62)  B (34) 
13 
Expanding sin (a + 8,) and cos (a + y) Wlt^ their respective 
addition identities and dividing numerator and denominator by 
sin a, reduces 
sin (aj+3,)  cos 6 + cot a sin 6. , 
cos (a +y)   cot a cos y - sin y 
Including the relationships of Eqs.(4),(25), and (28) and 
simplifying 
(35) 
sin (aj+Bj) 
cos (a +y) 
Vhl 
h (cota +cota2) 
(36) 
Combining Eqs.(34) and(36) and reducing results in 
|Av|5=U V
h2 
cota +cota 
(37) 
For verification , it is worth while to check if the calculated 
velocities vT and vTI result in a continuous flow (volume constancy) 
across IV . This verification is presented in Appendix I . 
Determination of J* 
J* = power consumed per unit width of asperity 
7=    moAVlLl+j=    AV2L2+^=    AV3L3 /T /3 
a 
AV5 L5' 
(mQ AVX LY  + AV2 L2 + AV, L3 + M'5 Lg) (38a) 
A summary of value of velocity of zones I and II, of the velocity 
discontinuities across the surfaces and the lengths of the surfaces of 
14 
discontinuities and power consumed for each surface is provided in 
Table 1. In Table 1, friction losses are calculated for two assumptions 
about the characteristics- of friction. One assumes friction factor 
(m0) to prevail along the tool workpiece interface, and the other 
assumes behavior by Coulomb coefficient u • 
Substitution of the values of the lengths L. and the velocity 
discontinuities AV^. into Eq. (38) lead to 
AT 
:u sin( 1 a2^ \ °  sina1 
sma. 
+ h 2 sina. 
C2      A2 
*    a IB cota +cota. 
Vh2 (38b) 
where the values of A, B and C are given in Table 1 . 
Limiting Value' of J* 
When the deformation pattern of the two triangles result in a too 
high power , this pattern will be replaced by a, simple shear along 
the surface AE of Fig.4<X.  Then the limit on the-power required will 
become 
j*=  T. £.{j = _° l    u 
o    j—s     o 
Thus , the horizontal force per unit area becomes 
(39a) 
T '■ = 
a  £ 0 o  o 
(39b) 
15 
GRAPHICAL PRESENTATION OF THE RESULTS 
Foreword 
The ridge as described in the previous section, can serve as a 
building block for the study of many phenomena such as; friction, metal 
cutting and more. For each individual study, some specific choices 
will be made, restricting the generality of the model. It would be 
most desirous to postpone these choices as long as possible. For this 
purpose with justification that will become clear further into this 
study, our present-choices will identify the three dimensionless 
pseudoindependent parameters as a2, h2/£ and £ /£ .    Thus the physical 
constraints on £ /£ are 
1<. £Q/£ <_ o 
Equation (38b) can be written in dimensionless form as follows: 
O      0    o u 
/-y Lsin(a1+ u.J     'smo^   o  £   sina2  " £
hn/£ h2   2    lQ       _i  +
 *"' °
2
   + r • V£     . A2., (38c) 
B      cota. + cotou  B 
whereF is the horizontal pushing force on an individual ridge. 
The Characteristics of the Total Power as a Function of the 
Pseudoindependent Parameters 
The characteristics of x/a versus a„, h?/£ and £ / £ are presented 
by the topographic map of Figs.7 where T/O = J*/(c -U.£) ,and by Fig.8 . 
The contour lines in Fig.7a are equal potential lines on the o^, h2/£ 
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coordinates. The range of the variables a2, h?/£ for which the ridge 
model is valid (See the insert in Fig.4) lies to the right of the 
crossed line. The characteristics of the line marked with X's are 
given by Eq. (5e). Along this crossed line the constant B=0 and thus 
T = ». Figure 7a is constructed using Eq. (38c) for the values of: 
zoro friction, I  /£=l,and a^lO0 while h-,/£=0.048. Similar contours, 
exhibiting a minimum value of T/J at some combination of .ou, and h2/&, 
can be found for other values of m , a-., h,/Z   and Ijl    . 
The line marked by circles is unique. Inside the range between 
the two lines the value of T/a by Eq. (38c) is never higher than 1//3". 
Inside this range the solution by Eq. (38) and the triangular 
velocity field is lower than the solution provided by pure shear through 
Eq. (39b). Outside of the range marked by the circled lines, pure shear 
provides a lower power and the triangular velocity field is thus 
replaced by pure shear. 
It is interesting to note that the two circled lines meet at the 
origin, where a2=ho =0 and then, by Eq. (38c), T/ a   =  1//3". The crossed 
line also originates at a2 = h? = 0, and on it by Eq. (38c), when B =0, 
the shear is T=°°. When numerical procedures are used to search for the 
minimum point, precautions must be exercised to avoid the ambiguous 
point at a2 = h? = 0 and to start the search within the range inside 
the circled lines. Alternately one may set T/ a   = 1//3" at a2= h? =0 
and start searching from there. <*» 
The slope of the surface T on Fig. 7a leads towards the lowest 
point. Starting at any combination of a? and h?/£ (in the valid range) 
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and following any path with negative slope will eventually lead to the 
minimum point. Following a path of maximum slope, one will reach the 
minimum point faster. The dashed line in Fig. 7a shows one path that 
leads from the origin ( a2=h2=0) into the minimum point. This special 
line is provided in Appendix II through the differentiation of the 
equation for J* with respect to (h_/£). (See Eq.(A2-4) ). 
The premise in this work(based on the upper bound approach and the 
principle of minimum energy, or the least resistance), is that the 
actual values «2 and \\J% which will prevail are those that minimize 
J*. Thus, by optimizing J* with respect to a2 and h?/£, the expected 
values of a? and h?/£ can be determined for each combination of m0,a-i 
and h,/£ . The optimal a? and h?/£ can be determined through the 
'differentiation 
= 0   and 
V' 
8 a2 
8J* (40) 
3(h2/£) 
0 
The solution of the resulting two equations, can provide the values of 
a2 and h2/£. Analytically, the resulting expressions are too bulky. 
In this study, the equation for the path of dashed line was derived in 
Appendix II. Numerical procedure was then adopted to find the minimum 
of J* along this path. 
Isometric picture of the characteristics of x/ 3   as a function of 
a9and fW£ is given in Fig. 7b. 
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The characteristics of x/a vs. £/£ are shown in Fiq. 8, where 
o      hl 
= 0.0, a-| = 9 ; while — =0.008. Every point on the curve is 
already an optimized value of T with.respect to a combination of the 
pseudoindependent parameters a2 and hp/£ for each constant relative 
ridge length. The dashed line suggests that the optimal condition for 
ap  and ho/&  under these specific independent parameters does not satisfy 
the geometrical   constraints of the model or that the optimal value 
of friction drag predicted by the model is higher than that expected 
by simple shear of the ridge (See Eq. (39) ). The solid line is valid 
for the model and the optimal friction drag is lower than that for 
pure shear. In other words, if two solids (one much harder than the 
other) are in contact, one with each other, the softer one deforms and ■- 
forms a ridge. If the ridge is too small, smaller than a critical 
value, to be studied later, then the ridge wiN shear off. Our model 
of a moving ridge will not prevail. However, if £ /£ is larger than 
a critical value, the optimal value of friction drag will reach a peak, 
go down to a local minimum, then increase with increasing £ /£ again 
until £ /£ equals 1.0. The local minimum provides the optimal value 
of T/ a    with respect to the three pseudoindependent parameters a?, 
h2/£ and £0/£- That is, once £ /£ is larger than some critical value, 
the steady state mobile ridge will be formed with the relative 
optimal ridge length. 
The characteristics of x/a vs. the three pseudoindependent 
parameters can be demonstrated by treating £ /£ as the abscissa in Fig.8. 
Consequently in searching for the local minimum of T/ x, two loops of 
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optimization can be used. An internal loop optimizes x with respect 
to cu and h?/£ simultaneously while holding £ /£ as a constant. The 
outer loop compares all the optimized values of different relative 
lengths to get the local minimum. By this method, even if there is no 
local minimum with respect to £ /£, the characteristics of T/ a can be 
visible from Fig. 9. 
In Fig. 9. the abscissa is the relative length of the ridge, the 
ordinate is the friction drag as optimized with respect to a? and 
h~/£ > with the wedge angle a-, as the parameter. The independent 
parameters are: zero friction and the relative height of the ridge 
is 0.008. The characteristics of a typical curve in Fig. 9. show a 
peak which is defined as the critical relative length of the ridge, 
denoted as £ /£. Similarly, the relative ridge length which makes 
x/ a     a local minimum is defined as the relative optimal length of the 
ridge, £nDt/£, marked as the cross points and circles respectively in 
Fig. 9. As the wedge angle a, increases, £./£.decreases much faster 
than £ /£; therefore, the difference between £ ./£ and £ /£ qets 
cr opt      cr  3 
smaller and smaller. At the same time the value of T/ a   for the peak 
o      r 
and the local minimum are getting closer with increasing angles a,. 
In Fig. 9. for m = 0 and h-,/£ = 0.008, the critical and optimal points 
converge to a single inflection point at angles a-, greater than 15°. 
The value of a-, beyond which the maximum and minimum points of 
Fig. 9. disappear can be determined analytically by.differentiation of 
J*. The procedure, differentiation with respect to a? and h~ and then 
with respect to £ as well is bulky and is not discussed here any 
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further. 
The Optimal Values of a2, h2/A and x, and the Optimal and Critical 
Values of a0/l 
The characteristics of 2>0-D*.H and l"Jl with respect to the wedge 
angle can be further demonstrated by Fig.10. i   /i  (as the dashed line) 
and ^0Dt/^ (as the solid line) are presented as functions of the 
wedge angle with the following value of the independent parameters: 
m
0 = 0 and h-j/Jl =0.008. In the model (anticipating the study of a 
friction model) , h-,/1  is limited in the range between zero and 
tantf,/2. Thus, Fig. 10 terminates when a-, equals 1.0 , i.e., the left 
broken line in Fig. 10. Furthermore, the right broken line indicates 
that the inflection point of instability as shown in Fig. 9 will be 
reached if the wedge angle is about 14.2°. 
For convenience, Fig. 10 can be divided into four regions which 
are discussed as follows: 
Region I:      Here the wedge angle is smaller than 0.92°; but from 
nl , h the constraint of —!- (See Eq. 41), —~ equals to 0.008 can never happen 
when     oil is less than 0.92°. Therefore, it will be meaningless 
to discuss this region. '    \> 
Region II:    In this region, lJl  is larger than &crA for every 
wedge angle between 0.92° and 14.2° with zero interface friction. In 
this range (0.92 <_ a-, < 14.2) the ridge will move in a'steady shape 
conforming to the optimal values of lJl  , a?, and l^/fc. It suggests 
that the model stated will prevail in Region II. 
Region III:   In Region III, the wedge angle is between 0.92° and 
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-14.2 as in Region II, but £Q/£ is smaller than I   /£ . As stated 
in Fig. 9, the simple shear will provide lower power consumption than 
steady state moving of the ridge. Hence, the ridge will be sheared off. 
Region IV:    In this region, the wedge angle is larger than 14.2°. 
Because the model^eSnnot provide a local minimum of x/-x (see Fig. 9), 
the steady state sliding with no chip forming will be impossible. 
Figure 10 also suggests that the steady state sliding of the 
ridge only happens under a restricted combination of the independent 
and pseudoindependent parameters .  This can be shown more clearly 
in Fig. 11 .  In Fig. 11 , the coordinates are the same as in Fig. 10 , 
while the interface friction factor m is the parameter.  As m 
o      r o 
increases, the region for steady state ridge formation gets smaller 
and smaller. Also the difference between £ ./£ and £ 11  reduces. 
opt      cr 
The phenomenon is ^ery  similar to that presented in Fig.9 which treats 
a-, as the parameter. This similar phenomenon will result in the 
criteria for m as studied next through Fig.12 . 
The characteristics of £ /£ and £ ./£ shown in Figs.9 and 10 are 
cr      opt 3 
with respect to the wedge angle. Similar results by treating the 
interface friction factor m as the abscissa can be studied from Fig.12. 
o 3 
In Fig.12 , the abscissa is m , replacing the parameter a, of Fig.10. 
The values of the independent parameters are: ou = 5   , h-,/£ = 0.036. 
Since the friction m prevails only in the range of 0 <_ m < 1, Fig.12 
suggests only three regions instead of the four regions of Fig.10. 
The dashed, solid and right broken lines in Fig. 12 have the same 
meaning as those in Fig. 10. However, Region I above the critical 
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length shown by the dashed line is described as the region of steady 
state ridge.  In Region II simple pure shear is occuring and in Region 
III, a steady state moving ridge can't occur.  As the interface 
friction factor increases, the difference between i    .1% and £ /£ 
reduces, then diminishes  as   £ .  and £  converge to a single 
opt    cr     3       3 
inflection instability point similar to that shown in Fig. 9. Note that 
the value of independent parameter h-,/£ in Fig. 12 is different from 
that in Fig. 11, but the results do not conflict one with each other. 
This will be studied through Fig. 13. 
In the model, the suggested independent parameters are a-i > m0» 
and h,/£ or pressure p.  From Fig. 8 through Fig. 12, the 
characteristics of x/x vs. the pseudoindependent parameter £ /£ 
can be understood more clearly by introducing £ /£ and £ . /£. 
Furthermore, £ /£ and £ ./£ reveal the same characteristics for the 
independent parameters a, and m as shown in Fig. 10 and Fig.12. 
In addition, Fig. 13 will show the characteristics of £ /£ and 3 cr' 
£Q Jl  for another independent parameter, namely h,/£. 
The abscissa in Fig. 13 is the wedge angle, the ordinate is the 
relative ridge length.  With h-,/£ as the parameter while the interface 
friction factor is 0.2.  As shown in Fig. 13, increasing h,/£ , 
£ t/£ and ^cJl  also increase for constant a,, in the same time the 
left broken line as described in Fig. 10 also move to the right 
because of the constraint on h-,/£.  An interesting phenomenon is that 
the right broken line remains constant for varying values of h-,/£. 
It suggests that for specific interface friction factor, the critical 
wedge angle for steady state moving ridge is independent of the 
23 
relative height of the ridge.  Or, the critical wedge angle depends 
on the interface friction factor only, and vice versa.  Therefore, 
for a steady state moving ridge, there exists a unique dependence 
between the critical friction factor and the wedge angle. 
Criteria for Steady State Ridge Formation 
The relationship between the critical wedge angle and the 
critical interface friction factor in this study came from the fact 
that the inflection instability point for specific combination of"wedge 
angle and friction factor is independent of h-,/1  .  Thus, the steady 
state moving ridge can be formed only below the curve of Fig. 14. 
Figures 14 is constructed with the wedge angle as the abscissa, and 
the interface friction factor as the ordinate.  While the relative 
height of the ridge disappears because it does not affect the con- 
ditions for instability as shown in Fig. 13.  Nevertheless, the value 
of h-|/£ does affect the critical size of the ridge, or £cr/£ for steady 
state moving ridge.  Every point of the curve in Fig.14 represents 
the' critical wedge angle and the correspondent critical interface 
friction factor.  As the wedge angle increases, the critical interface 
friction factor decreases, and vice versa.  When the wedge angle is 
larger than 14.2°, the steady state ridge cannot prevail resulting in 
chip formation, shaving, or even simple pure shear, 
etc, depending on which mechanism requires the lowest power consumption. 
A ridge with the wedge angle and interface friction factor below the 
curve of Fig. 14, if the ridge is "large" enough (here, "large" means 
the relative ridge length is larger than I    /£ as shown in Fig.13), 
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it will move as a steady state ridge.  If the ridge is too "small", 
that is, 
i        i 
I I 
or if a ridge with a, and m values  beyond the curve of Fig. 14, 
the steady state ridge will not prevail.  For example, if the wedge 
angle is 10° , the interface friction factor is smaller than 0.34 and 
£0/£ is larger than £ /&, then the steady state moving ridge will 
be the mechanism that prevails. If the wedge angle is still 10°, but 
the friction factor is larger than 0.34 or I /i  smaller than I    /I, 
no steady state moving ridge will be formed. 
The critical curve of Fig.14 provides quantitatively 
the  relation  between      the wedge angle and the interface 
friction factor.   The critical length I Jl  denoted in Fig. 14 
( l Jl <  lcr/l ),  is a function of a-,, m and h-j/Jl as shown in Figs. 10, 
12,and 13. 
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FRICTION MODEL 
Background 
Foreword 
Whenever two solid surfaces are in contact and moving, one 
relative to the other, a resistance to this motion arises.  This 
resistance is called friction.. ,.We will initially describethe 
qualitative characteristics of this resistance, then we will propose 
a model which can quantitatively account for most of the characteristics 
discussed. 
As an example, in wire drawing, the wire slides over the conical 
and cylindrical surfaces of the die.  If no lubricant is used, there 
is direct metal-to-metal contact.  The pressures between the die and 
the wire are very high.  As a first approximation, let us assume that 
the pressure is approximately a, the flow stress or yield in tension. 
The pressure may be slightly higher, or it may be slightly lower, but 
it is a \/ery  high pressure.  The relative motion-, associated with 
high pressure and high friction resistance, results in the generation 
of heat.  The mating surfaces damage each other (wear), and build-up 
of foreign matter over the surface is also possible. 
No surface is geometrically perfect.  Thus, contact between the 
die and the workpiece is maintained over limited portions of the ap- 
parent interface.  The apparent area of contact is the total area, 
but the actual area of contact is in fact limited to the area of 
contact between the asperities of one body and the asperities of other, 
If the pressure is ? when the total force (W) is divided by the 
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apparent cross-sectional area (A), then the local pressure at the 
points of contact is much higher.  Crude estimates suggest that local 
crushing pressure on tnetPasperities is about three times the flow 
stress, or 3a.  (For further details, see the classic work of Bowden 
O t  
and Tabor [3]. ) The area of the flattened asperities adjusts itself 
to carry the load, by plastic deformation of the asperities, even when 
the bulk of the workpiece is in the elastic state. 
Friction and wear may be explained through several related 
mechanisms [3,4]: tearing of weldmen.ts, plowing, galling and severe 
plastic deformation of a thin surface layer. 
While these mechanisms can provide a fundamental understanding of 
the phenomena of friction and wear, the total picture is much more 
complicated.  Other factors, like corrosion, fatigue, erosion, cavita- 
tion, and thermal effects, can also be involved. 
In the following, the major factors, namely, plowing, tearing of 
weldments, galling, and severe plastic deformations of a thin surface 
layer, are described briefly. 
Plowing 
The localized high pressure causes the asperities of the hard tool 
to penetrate into the deforming workpiece.  With the relative motion 
of each asperity over the workpiece, a deeply plowed groove is created. 
These deeply plowed grooves expose fresh, uncontaminated surfaces, and 
these produce the shiny appearance of the surface of the workpiece. 
Tearing of Weldments 
The high pressurs over the relatively small area of actual 
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contact may cause localized welding, (for further elaboration on the 
phenomenon of pressure bonding, see Sec. 15.7 of Ref.5).  The weld- 
ments shear off instantaneously because of the relative motion between 
the tool and the workpiece.  As the weldments tear off, localized 
high temperatures are created.  The metals at the weld interface can 
form hard, intermetallic compounds. 
As the weldments break loose, they cause damage to both tool and 
workpiece.  Intermetallic fragmented particles may move between the 
two mating surfaces and cause further damage.  The particles may be 
pressed into the workpiece, become imbedded, and present hard cutting 
edges plowing into the hard die.  This cause die wearing and roughening. 
Galling 
When there is a strong affinity between the tool material and the 
workpiece, layers of the workpiece adhere to the tool surface and may 
become immobilized.  The difference between galling and tearing of 
weldments is that the galling material of the workpiece separates the 
surface of the tool from the surface of the workpiece.  The smooth 
surface of the die is replaced by freshly exposed surface made of the 
same material as the workpiece.  The affinity of the new surface of 
the tool to the surface of the workpicec is excessively high and 
phenomenon of galling snowballs.  For example, pure soft aluminum 
galls very  easily on steel and carbide dies and even on diamond dies. 
The choice of the proper lubricant is essential.  The problem is more 
severe under high pressure between the workpiece and the die. 
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Surface Layer of Severe Plastic Flow 
The brief description of plowing and of tearing of weldments demon- 
strates that a thin layer under the surface of the workpiece is severely 
affected by the interface friction between the tool and the workpiece. 
Metallographic studies by Dautzenberg and Zaat [6], and by many others 
reveal a thin layer (but of finite thickness) below the surface which 
undergoes severe shear deformation in a characteristic pattern.  The 
wear phenomenon has been analyzed extensively by Suh using his "Dela- 
mination Theory of Wear" [7,8].  Suh's theory suggests that a thin 
layer of plastic deformations exists during wear. 
The -amount of deformations that can be detected is highest at the 
interface; deformations diminish further from the surface.  Within a 
\/ery  thin layer, on the order of the surface roughness (a few hundred 
urn), the deformation changes from severe (effective strain of 40-100) •» 
[6] on the surface to zero below it. 
In a more recent study, Dautzenberg [9] calculated the strain on 
the surface through a model of deformation by pure shear.  From the 
strain and by the assumption of adiabatic flow and an estimate of the 
depth of the surface layer, Dautzenberg was able to estimate the rise 
in temperature over the surface.  The value of strain, the estimated 
temperature rise and metallographic studies of the actual surface led 
Dautzenberg to coin the term 'dynamic recrystallization'. This model of 
dynamic recrystallization suggests that the grains in the surface layer 
recrystallize over and over again while interface sliding proceeds. 
In another ongoing study of the surface layer of deformation, the 
model of the asperities under flow is utilized.  A model, originated 
i 
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by Wanheim [1] in his Ph.D. dissertation, describes a ridge of the 
surface which is suppressed by a flat sliding tool.  As the tool 
advances, the ridge underneath penetrates down into the workpiece, 
while a bulge forms ahead of the tool.  Using a slip line field, 
the power of deformation can be calculated, and through the process 
of optimization the shear stress and friction can be estimated together 
with the depth of the surface layer.  Progress in the work on the 
ridge model, as studies in the Technical High School of Denmark, is 
described in Refs. 1-2 and 10-17. 
The evidence for some mobility of the deforming asperities 
during sliding of the tool over the surface of the workpiece can be 
seen in Fig. 15 which is reproduced from Fig. 3 by Cocks [18]. Plastic 
deformations of a thin layer below the nominal surface of the work- 
piece are also evident. 
Geometry of the Irregularities 
The roughness of each of the mating surface is irregular.  Peaks 
and valleys are distributed in a random manner.  At the present state 
of the art, our model for the description of friction pertains to a 
single combination of a wedge and ridge.  The ridge in the softer 
material is generated due to the indentation of the wedge. 
In further extensions of this work , the random distribution can 
be accounted for by the use of statistical formulation of the 
distribution of the surface irregularities. 
For the time being, consider Fig.16, assume the surface of the 
tool has a uniform wedge distribution.  Then, the limitation of the 
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ridge length I   will be 
0 < V* 1 1 (40) 
and the height of the ridge can only be 
0 <_ hj/fc <_     ~2  •  tan a}      ' (41) 
In search of the optimization of TAa (see Eq. 38c), the indepen- 
dent parameters are a-,, m and h,.-  However, the height h,/£ of the 
ridge can never be larger than the full height of the wedge, or 
Jr • tan a-,.  Hence when a-i is an independent parameter, h-. can be an 
independent input, but subject to constraint by Eq. (41).  Moreover, 
the optimal values of a?, hp and I   are confined to the valid range 
described by Eqs. (5a) , (5e),2md (40). 
Force Balance 
The study of the characteristics of a2 and h?/£ which optimize T 
is described in previous section.  In the previous section, the height 
of the ridge h,/£ was handled as an independent parameter.  However, 
in some of the upcoming studies, specifically in the study of friction » 
the pressure on the slider p  is the independent parameter.  This 
pressure causes the asperities of the tool to penetrate into the 
surface of the softer metal producing the ridge.  In order to determine 
the relation between h, and p, the equilibrium of the forces acting on 
the ridge is studied. 
Figure 17a shows the force balance on the ridge for zero interface 
friction (m = 0 ).  Since there is no resistance to sliding on the 
interface between the wedge and the ridge, the resultant, or normal 
force N is perpendicular to the interface.  Consideration is given to 
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an individual wedge of the length £, in a plane strain geometry with 
a width of one unit length, and a force p acting normal to the direction 
of sliding.  Thus, the pressure P is defined through 
PS-JT (42) 
Bowden and Tabor [3] have'called this pressure 'the apparent 
pressure' because, as seen from Fig. 17, the actual contact between 
the two surfaces may be much smaller and therefore local pressure may 
be much higher respectively. 
Similarly,, if the shear stress on the ridge is T> then the 
horizontal force on the ridge is T. Z.  1.  From simple geometry, the 
following equation for the relation between pressure and shear can be 
derived 
F _ T- £-1 = tan a ,A7s 
Hence, p = T • cot ou or dimensionlessly 
:—E =—V^ • cot a      or,     (44a) 
_, cot cx]       (44b) 
(a //T) -ST  (aQ//3) -Z 
where J is the flow stress of the ridge material and the shear stress 
is described as friction drag in Eq. (38c), where T is a function of 
h-./^, among other factors.  Therefore, the relationship between h-^/^ 
and the normal pressure P  can be determined through the upper bound 
solution. 
If the interface friction factor m is not zero, then there is 
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resistance to sliding acting on the ridge when the wedge forces the 
ridge to move.  The magnitude of the resistance to s.liding is stated 
by Eq. (4.5). ah, 
T = (m • ~) 
o    r%>      sin a2     (see Fig. 17b) "(45) 
where h,/sin a-, is the length of the interface i\-  From Fig. 17b, 
the force balance along the X and Y axes will be given in Eqs. (46) and 
(47), respectively. 
F = T • I  • 1 = N sin a-j + T cos a-| (46) 
\ 
p = p •£ • 1 = N cos a-| - T sin a-j   (47) 
where N is the normal force on the ridge. 
Substitute Eq. (45) into Eq. (47) gives 
p = p • I  = N cos a. - (mQ • ;==) 
a   h, o^   1 
—.  • sin a, sin a,      1 
= N cos 
a , 
o, 
ai " (mo -/f   '  hl Therefore, 
N = [p • I +  m0 • ^v * hi ^cos ai  (48) 
Furthermore, substitute Eq. (48) and Eq. (45) into Eq. (46) simultaneously 
, then 
F = x.M = IP. I *mQ.^.  hx] tan ^ + (^ . ^ . ^ 
a 
= P-^-tan d1 + ni^ _ . h • (tan a + cot a ) 
cot a. 
a 
p*£-tan a. + m = . h. • -=—£=—, 1   0/3   1  sm (2a.) (49) 
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Dividing both sides of Eq. ( 49 ) by z  and -2l 
'/ 3 
-f       T hi 
(V/"^   '    ^77f)   " mo   *  T •   sin   (2^)   ■>•   cot a! (50) 
T ' 
Where (a / J%) can be determined from the upper bound solution as Eq. 
(38c).      Therefore, the apparent (nominal) pressure p will be expressed 
as a function of \\Jl  . 
Procedure for the Determination of the Relation Between Pressure 
and the Height of the Ridge 
In reality, the height of the ridge h,  in the study of friction 
is a function of the pressure p.      However,  in the present study, 
it was found necessary to first treat h,  as an independent parameter; 
then through the imposition of the equilibrium on the external  forces, 
a relation was established between the height h-,  and the pressure P. 
The relative height of the ridge h,/l is given as a function of 
nominal  pressure -—T-F*^    through Eqs.     (44),  (50) and the optimal (o0//3) 
values of T 0f Eq.   (38c). 
Procedure for the determination of the dependence of h-, on p as 
derived through Eq. (45) to Eq. (50) is summarized in Fig. 18. 
The 'Characteristics of the Ridge as a Function of Pressure 
A schematic of the ridge and its size and shape, as a function of 
increasing pressure, is described in Fig. 19.  At low pressures, a 
small ridge appears at the corner E of the wedge.  With increasing 
pressures the height h-, and the depth h? of the ridge increase 
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together with the size of the ridge, as noted by the increasing index 
1,2,3,4 10. At a critical  pressure  (index 5) the height of the 
ridge reaches  its maximum possible height, which is the depth of the 
wedge, given by 
(h) -itana (     } 
max v     ' 
With increasing pressures (index 1...5) the length of the ridge (l  ) 
increases too, but still does not reach the length of the wedge (l), 
even when (h-,) max is reached.  The inclination of the line E0 still 
remains practically unchanged while h-, < (n-i)max- 
When the pressure continues to increase even after the height h-. 
reaches its maximum value, the ridge continues to grow in length and 
depth (index 5-10), while the inclination of the line E0 from the 
horizon increases until the entire wedge is filled. 
In the following description, the dependence of h-,/£ , a?, IWJ,, 
£Q/£ and T on the pressure p.is discussed. 
Through the procedure described earlier (Procedure for the  • 
Determination of the Relation Between Pressure and the Height of the 
Ridge), Fig. 20 >the relation between the height h-,/1  and the nominal 
pressure pwith wedge angle a-i as the parameter can be determined 
with mQ equals to 0.2. Point A, (shown as the circle), 
represents the pressure at which the height of the ridge h-,/1    reaches 
the full height of the wedge, (see index 5 in Fig.19). Point B 
(denoted by the cross) identifies the instant when the ridge fills all 
the cavity of the wedge, U /£ = 1.0) and h]/£ = —? '  tan a-, , 
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(see Eqs. (40) and Eq. (41)).  As shown by Fig. 20, below point A, 
the height h-,/5, increases for each wedge angle linearly with the 
nominal pressure p.  For a constant pressure when the wedge angle 
(a, ) increases, the height of the ridge also increases.  In other 
words, for the same expected height of the ridge, the smaller wedge 
angle a , requires higher nominal pressure p .  The above observation 
makes sense since sharper wedge angles will penetrate deeper into the 
material.  With a relatively small increase in pressure beyond Point A, 
Point B is reached where the cavity of the wedge is fully filled with 
the ridge. 
For small angles(a,), point A and B are getting closer.  The 
curve between point A and B is a straight line and its slope is smaller 
than the slope of the line from the origin.  For example, as the 
wedge angle is 1 , points A and B are closer than for a-. = 5 or 10 . 
When the pressure increases beyond the point where the cavity in 
the wedge is completely full, there can't be any further increase in 
h, or a  .  They both remain constant.  The implications from this 
obvious observation regarding the ridge and the friction are elaborated 
later. 
In Fig. 21, the abscissa is the relative pressure ph Q  and the 
ordinate is the ridge angle (a2)> while the wedge angle (a-.) is the 
parameter.  The interface friction factor is constant as m = 0.2. 
As the pressure increases from zero to the first critical value, where 
hl = ^Vm ' the value of a2 remains constant. For larger value of a^ 
ao is smaller.  As the pressure increases beyond the first critical 
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value and up to the second critical value, where a   = SL,  the value of 
ou increases sharply. Figure 22 is constructed with the nominal 
pressure as the1 abscissa and the deformation depth h?fi  as the ordinate. 
The interface friction factor m in Fig. 22 is 0.2, while the wedge 
angle (a,) is depicted as the parameter. From Fig. 22, the deformation 
depth ( hp/Jl ) increases linearly with increasing nominal pressure 
before point A is reached, where h-,= (hi)max . When the pressure 
increases beyond point A up to point B, where the ridge fills the whole 
cavity of the wedge, the value of hp/£ increases sharply but not 
linearly.  As the wedge angle (a-i) increases, hJi  decreases.  The 
characteristics of Fig. 22 for ho do not extend beyond point B because 
the present model has not been studied in that range. 
The characteristic of a third pseudoindependent parameter, the 
length of the ridge {zJi)  is studied in Fig. 23. In Fig.23, the 
abscissa is the relative pressure ph Q,  and the ordinate is the ridge 
length lJl  , while m is 0.2 and a-i is the parameter.  As Fig. 23 
shows, increasing the nominal pressure leads to a linear increase in 
the ridge length before p  reaches the first critical value (point A). 
When p  is larger than the first critical value up to the second 
critical value (point B), the ridge length (& A ) grows \/ery  sharply 
up to 1.0.  In the model,£Q/£ can't increase beyond the value of 1 
for any pressure. 
Figures 24a and 24b depict graphically the effect of increasing 
wedge angle on the size and shape of the ridge. For the conditions 
mn = 0.0 and ph n = 0.577, the steady state moving ridge is studied 
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for different wedge ^angle (a-,).  From (a) to (h), the wedge angle 
increases, and the height h-j/£ increases also.  However, the deformed 
region beneath the surface of the soft material gets smaller and " 
smaller with increasing a].  Note-that for CL < 14° , tQ/a remains 
nominally constant, h-|/£ increases, while a   and [^/^ decrease. 
Approaching the value of Oj = 14°, the value of £0/l decreases rapidly 
, because that angle is critical as shown in Fig.14.  Beyond that 
value, the ridge shears off.  The deformation mechanism is gradually 
changing from a mobile ridge to pure shear. 
For constant wedge angle with the interface friction factor as 
the parameter, the dependence of h-|/£ , c^, h2/£ and £ /£ on the 
pressure p is shown respectively through Figures 25 to 29. From these 
figure it is noted that the interface friction factor has the similar 
effect on the ridge as the wedge angle does, (see description of Figs. 
20-24). 
In Summary: 
A.  When the value of pressure p is between zero and the first 
critical value , it is observed that: 
1. when the pressure increases (for constant wedge angle 
and interface friction factor), then h-,, h? and £ increase 
linearly, while cu remains constant, (see Fig. 19, index 1-5), 
2. For constant wedge angle (or interface friction factor), 
when the interface friction factor (or wedge angle) increases, 
h-, increases, a~ and h? decrease, while £ remains nominally 
constant until a-, approaches the- critical value, (see Fig. 24 and 
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Fig. 29). 
B.  when the value of p is between the first critical value ( 
point A) and the second critical value (point B), it is observed that: 
1. when the pressure increases (for constant wedge angle 
and interface friction factor), h, remains constant while 
c^, hp and o    increase sharply, (see Fig. 19, index-5 to 10) 
2. when the interface friction factor (or wedge angle) 
increases (for constant wedge angle or interface friction 
factor), h, remains in its respective maximum value, while 
dp, h^and I   decrease.  (see Fig. 20 to 24 for constant 
interface friction factor, Fig. 25 to 29 for constant wedge 
angle). 
The above investigation treats r\ (see Fig. 4) as a free surface 
(plane), before the asperity is fully developed.  However, when the 
asperity fills the wedge completely, the velocity discontinuity or 
friction power loss along the surface r»  should be considered. 
V c 1    i From Fig. 4, the velocity discontinuity along Tfl  is -=— or ~. 4    U " 
Since the length of i\ is h, . C-, (see Table 1), the friction power 
loss along surface r* under the assumption of friction factor m 
should be 9 
> •   ao Cl Power consumed, Wn = — • rn • h,   •  —^—   ,,-,» 
r4  /I  °   ]   B     (51) 
1 
Furthermore, when full asperity is reached, h, = — • £• tana-, 
(see Eq. (41)) and i    = l,    therefore 
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cota )' 
/T + cot a. 
sina. (52) 
Equation (51) becomes 
w  - °      1 
4 /T   o  B sin(2a ) (53) 
Adding W   from Eq.(53) into Eq.(38c) , the total power consumption 
in dimensionless form will become 
ao*  % a U£ o 
sina. 
sin(a +a2) vcosa 
m sina   h. 
sina. "*£ -* 
h2 c2 tana. * iyT 
cota + cota sm2a. 
m (54) 
Equation (54) contains two pseudoindependent parameters , namely 
a? and hp/£ .  Using an optimization search routine (for example , 
"LOPER" ), the optimal value of J* can be determined quantitatively. 
These optimal values of J* are shown as the horizontal lines 
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in Figs. 30 and 31. 
It is presumed that the shear stress ( T) and the total power 
losses can't exceed the value derived by Eq. (54) and presented by the 
horizontal portion of the graph, no matter how high the.pressure is. 
The dashed lines are discussed in the next section. 
The Apparent Coulomb's Coefficient of Friction 
From the procedure described earlier (Procedure for Determination 
of the Relation Between the Pressure and Height of the Ridge), the 
nominal shear or tangential stress can be related to the nominal 
pressure p.  It can be found from Eq. (50) that the relation between 
T and p is linear up to point A (see Figs. 30 and 31), with the 
origin at the origin of the coordinate system.  Between point A and B 
, the relation remains linear but at a much smaller slope. 
In Fig. 30, the abscissa is the nominal pressure, the ordinate is 
the friction drag (or nominal shear stress), and the parameter is the 
wedge angle (a,), while the interface friction factor (m ) is 0.2. 
For each wedge angle (a,), before full height of the ridge is reached, 
the line A0 describes the dependence of T on p .  In the range of 
pressure for»which the ridge changes from full height to full asperity 
(from point A to point B ), the slope of the characteristic curve is 
smaller than that of 0A.  The horizontal lines were determined by 
optimization of Eq. (54).  The tangential stress of the material in 
this process will not exceed the values of horizontal lines.  The 
present model does not apply beyond point B until the horizontal line 
is reached.  Therefore it is shown as the dashed curve in Figs. 30 
and 31.  Increasing wedge angle a, causes increase in the shear T. 
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The sharper the wedge, the easier it impinges into the ridge material. 
However, it will be harder to cause the ridge to slide.      Hence the 
slope, or apparent Coulomb's coefficient of friction y'will be higher 
for larger wedge angles. 
The same characteristic of T versus p with the interface friction 
factor (m ) as  the parameter is shown in Fig.  31.      Points A and B 
have the same physical meaning as stated earlier.      When the interface 
friction factor increases, the apparent Coulomb's coefficient of 
friction y increases, too. 
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DISCUSSION 
Only recently the potential of the upper bound approach was 
recognized as a tool for the modelling of deformation processes. Here, 
a relatively simple model is applied to study the friction phenomena. 
Generally, the random distribution of the wedges is usually treated 
by Gaussian, Exponential, or Stochastic law [20] or by statistical 
formula [2l] . The present model for the description of friction 
pertains to a single pair consisting only a wedge and a ridge. Further 
extension is desired. However, the investigation of sublayer depth 
and deformation areas under pressure and the effect of interface friction 
factor, which are determined through the model and the use of optimization 
procedure with no additional assumptions, suggest the true contact and 
deformed areas when sliding between two surfaces is taking place. 
Wanheim and Bay [17] presented the characteristics of the 
resistence to sliding ( ^f{lo//^\)  as a function of the relative 
pressure ( p/aQ)  in their Fig.' 3, shown here as Fig. 32. In Fig. 32, 
the parameter m is a modified constant friction factor. Thus the 
resistance to sliding per unit of apparent area of contact is 
T = ma ( a/v^) where a is the fractional factor of the real area of 
contact. The parameter m is related to the interface friction factor 
m treated by Wanheim and Abildgaard [2], presented in their Fig 12 and 
Eq.(4), shown here as Fig. 33 and Eq. (55) respectively. 
m = tanctjj m0(l - cotcij) + 1 + -J - 2^ }       (55) 
where o^ is the angle of asperity slope in the tool. The notations 
applied to Refs. 2 and 17 have been modified to conform with the 
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treatment in the present study. 
Although the characteristics of the graphs of the present work 
show the same trends as the earlier works   (Fig.32 and 33 from 
Refs. 2 and 17), they differ in many details. Mainly the present work 
suggests that the model of moving asperities prevails only for smaller 
values of a,. 
The investigation by Challen and Oxley [22] , using slip line 
field with the rubbing model for low friction factor, reveals that the 
model employing a steady state mobility of the ridge is restricted to 
smaller angles a-,  and low values of m . The present model predicts 
the steady state moving ridge to occur with a rather small wedge angle 
(aj) which is observed in many investigations [2, 22,23] and provides 
a theoretical reasoning. 
However, further investigations concerning the transition region , 
from the friction behavior at low pressure (according to Coulomb[24] 
and Amonton [25] )to the constant shear stress at high pressure,(see 
dashed lines in Figs 30 and 31 ), are needed. 
Also, according to Rozeanu and Pnueli [26], the assumption of 
rigid tool can be further modified by using the elasticity theory. 
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TABLE  1  -   LISTING OF VELOCITY DISCONTINUITIES AND  POWER 
J-   = /l  +   (£fl - cot ctj)2 / B     ; II 
U 
sm a„ 
sin  (a    + a ) 
or, Cj/B 
\F ACTOR 
SURFACE^ 
LENGTH 
Lri = Li 
VELOCITY DISCONTINUITY 
Av./U 
1 
POWER CONSUMED         | 
(PER UNIT WIDTH) 
Fl 
hl sin a2 
a 
— m Av    L. 
/5    °    1    1 
or 
%PAV1  Ll 
sina1 sin(a    + a ) 
F2 
h2 sina !° AV2 L2 
AT sina sin(a    + a ) 
F3 7= AV3 L3 
/l+(*P-  cota/ h2*/l + (£°-cota,)2 h2           2 
or          h2,C2 
B 
or      C2/B 
F4    ' 0 0 V/l-C^-cot  / 
or          h,.C1 
rs    • h    .  A 
£ /h, 
02
              .A a 
fS     5    5 cota    + cota»      B 
WHERE    A =/(1+T-2-)2 +   (cota - —■ cotaj2   ;       C.   =/1  +   (^ -  cota.)2 /        h, 1     n, 2 1 n, L 
B
 =     (b1 + &  -   (c°t<*,   + cota.)     ;       C, =/ 1 +   (£°- -  cota,)' 
hl      h2 
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FIG.1   SURFACE RIDGES. 
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AFTER BEFORE 
THE  RIDGE 
BONDED 
INTERFACE 
FIG.2   THE  MOBILITY OF  THE  RIDGE. 
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WORK PIECE 
(a) MOVING WORKPIECE, 
(b) MOVING  TOOL, 
FIG.3   TWO RIGID TRIANGLES IN LINEAR MOTION 
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FIG.4Q FRICTION  MODEL-THE RIDGE AND ITS SEPARATION 
TO  TWO RIGID BODY ZONES. 
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FIG.5  VELOCITY OF ZONE I 
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FIG.6   VELOCITY OF ZONE It 
52 
ANGLE (DEGREES) 
FIG. 7a THE CHARACTERISTICS OF FRICTION DRAG VS. THE ANGLE a2 AND THE 
DEPTH  OF THE RIDGE . 
es 
# 
RELATIVE DEPTH OF THE  RIDGE 
FIG.7b  PERSPECTIVE VIEW OF FRICTION DRAG VS. RELATIVE 
DEPTH OF THE RIDGE AND THE ANGLE a,. 
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FIG.I7aTHE FORCE BALANCE ON THE RIDGE 
FOR  m0=0. 
64 
WEDGE 
FIG.I7bTHE FORCE BALANCE ON THE RIDGE 
FOR   m0*o. 
65 
Eq.   (47) 
'*> = f  (N,T) 
Eq.   (45) 
■T = f (H,) 
i f 
Eq.   (48) 
N 5 f (p,h}) 
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APPENDIX I 
VELOCITY CONTINUITY ACROSS T5 
Normal Velocity of Zone I With Respect to T$ 
From Figs 4,5,6, the normal velocity of zone I with respect to r5 
is 
Vj • cosUi - y) (Al-1) 
while from Table 1 and Eq. (4), 
U        B        » (Al-2) 
irry cos(0j - Y) - cosB1 cosY + sinftsii 
*° 1 + -^ ,    , hl 
= "(TiY -cota-,) h] (cota1   - -^ .   cota2  ) 
^ A ci A 
^-((-^- cota^H-^l) + (cotai ___2 cota2)} 
J         h2 SLQ lQ 
iCl    ' "^7 ' ^ "^T + ~h7 )-(cota;i+cota2)} 
h2 
Acj      *      h. (Al-3) 
according to Eq.(Al-l),  therefore 
1 hl 
h 
U ^ Ah2 (Al-4) 
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Normal Velocity of Zone II With Respect to IV 
From Figs.4,5,and 6 , the normal velocity of zone II with respect 
to   Tr is 
Vn cos(ai +   Y) (Al-5) 
Similarly, from Table 1 and Eq.(4) 
VJJ sin   Op 
lj sin( aj+ a2) 
sin a,  cot a? + cos a. 
sin a-,      cot a,  + cot otp *"* 
(Al-6) 
While 
cos(a^+y) =cosaiCosy - sina^siny 
h« hp 
(1 + -r— ) (cota,- -r— cota0) 
hl .                      *      hl    ■       "■ 
=cosa1-
j
 
:
——   -    sin a,    ____,  
'    ■»■             A 1                                         ft 
1 "        n2 n? 
=  {cos a,(l+ T-— )-sin a,(cota,- _♦-— cota^)) 
Ml 1 
Therefore 
VJJ     COS(    OJ+   Y     ) 
U
 
l
 
l
    {cosa,(l+—^—) smaj      cotaj+cota2 A    ^-""H*        n 
h 
- sinaj(cotaj ^— cota^)} 
87 
{, h0 h. 2 ? {cot^M--^—) - (coto^- -^- cota2)} 
ACcotaj+cotag) 1        i  nl 
- U - (Al-7) 
Velocity Continuity Across Tg 
Compare Eqs. (Al-4) and (Al-7), it is apparent that the velocities 
VT and Vrr result in a continuous flow across IV. 
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APPENDIX II 
THE MINIMUM OF THE POWER FUNCTION J* 
Sufficient and Necessary Conditions 
As the equation of (38c) 
J* = f (ar m0, h1 & a2, hg, iQ  ) (A2-1) 
According to the theory of maximum and minimum [27] , if equation 
(A2-1) exist local minimum, then the first derivative with respect to 
the three pseudoindependent parameters should be.vanished.  In 
addition, the second derivative with respect, to a2, h2, and £ should 
be larger than zero.  Analytically, the local minimum can be determined 
by solving the three first derivative equations (A2-2) simultaneously 
under the constraint conditions of the three second derivative 
equations (A2-3).  Therefore, if minimum of J* exist, then 
ah2 
3J* 
3a 2 
9J* 
3£. 
= 0 
(A2-2) 
= 0 
and 
ahT > ° 
)2J* 
da. 2 > 0 
(A2-3) 
8SJ* 
dl 2 > 0 
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THE DERIVATIVE OF POWER WITH RESPECT TO h2 
According to equations (A2-2) and (A2-3), the following derivatives 
with respect to hp can be obtained. 
8J* _ g(h?) 
9h2   Dffhp (A2-4) 
Where   g(h2) = E. h22 + F h2 + G (A2-5) 
Dl(h2) = h,sin a1sina2sin(a1+a2){ (^-2. - cotaj-cotctp)* 
2 h2+V (A2-6) 
and 
E = 2(£°- -cota1-cotct2)sin3a1 (A2-7) 
F = 4£0sin3ai (A2-8) 
6 = sinapj-h! sinfaj+cxp) - 2£Qh1cos(a1+a2)sin aj 
-£02sin(a1+a2)sin2a1} (A2-9) 
Hence,    if    9J*      n    .. 
-^ = 0  .then 
g(h2) = 0   . (A2-10) 
By solving equation  (A2-10), the solution for hp is 
h2 = "F±>^E"4EG when cota2 J jp - cotctj (A2-11) 
r p 
or h9= _lr.     when cota = f cotai (A2-12) 
c
        F <- hi     ■*■ 
The second drivative of J* with respect to h? should be 
9h22      9h2 
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= Di(h2)-4sin3a1{fH^ -cotarcota2)h2 + £Q y-^)^^ 
(Dl(h2)}2 
Similarly with the above section, 
dJ*    _ (l+cot2a2) k(cota2) 
8a2     
where 
(A2-13) 
Since g(h2)=0 (Eq. (Al-10)), {Dl(h2)}2 larger than zero, 
and since, > 0, therefore, for a S3* > Q  .. 
3h2 
£n (jp -cota1-cota2)h2 + lQ      > 0 (A2-14) 
0r
 .^o + ^o -cotarcota2 = B > 0 (A2-15) 
hi   h2 
THE DERIVATIVE OF POWER WITH RESPECT TO a„ 
D2(a2) (A2-16) 
k(cota2)=Hcot2a2+Mcota2+N (A2-17) 
D2(a2)=(cota1+cota2)(^ *~ -cotc^-cotc^) (A2-18) 
and H = m0h1(l+cot2a1)  - h2(—+ -r~ - cotc^)2 
+2o  (^a + |° -cotal) _ A0_2( £?_ + *p_ _2cota1) 0
 hi      h2 i;        h    v hi     Tf2 V 2    i 
+h2cotSa1+2£0cota1- ^ (A2_19) 
M = -2{m0hi(l+cot2c4)(^ + ^2. -cot"!) + h2cot«l 
*
(h7 + fif -cota1)2+(h2-2Vota1+h2cot2a1+£0/cotai) 
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2 h 
•<-Ff + -| "cotal> + h2cot"l + -f cot«l +*o -HJ ' 
<(1+ -T~ )2 + cot2ai>} (A2-20) 
nl 
N = {m^U+cot2^) + h2},(-jp. + -fp - cot^)2 
+
 ^1 J(l+^2)2+cot2    }(^o+_*c__ 2 ) 
h hr i    h!   ^7 1 
•      -h2cot2ai - _^o cot2ai (A2_21) 
when    _w* 4 Q_ k(coto2) = Q (A2_22) 
therefore a2 =cot_1 ( -M±>^-4HN   ) ,„  ... 
2H 
The second derivative of the power function J* with respect to 
a,, wi 11 be 
„2T*  « / x ,   9 A ak(cota2)        3D2(a2),a<l+cot2«2> 3f£ = D2(«2)-(l+co.t2a2). ^r~  +k(Cota2) (-^7 +-  3a0 ) 
8a02 £ : *     2  > o 
D2(a?) > 
2 
(A2-24) 
Since 
or 
cota, +cota9 = sin ( 1 + a2)_ > Q (A2-25) 1    2  sina^ sina^ v    ' 
Hence   D2(ao) larger than zero. 
Furthermore , according "to Eq. (AZ-22), therefore. 
9k(cota2)  > 0 
8
 
a2 (A2-26) 
(2Hcota2 + M) • (-csc2a2) > 0 (A2-27) 
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So 
2Hcota2 +M<0 
or 
M 
cota2 < 2H (A2-28) 
But- 
cota2 _ -M±M2  -4HN 
2H (A2-23) 
therefore 
rnftw _ -M-v^-4HN 
cot d  - —^ (A2-23a) 
From Eq. (A2-28), the solution of cota2 is restricted by the 
second derivative of J* with respect to a2  * 
THE DERIVATIVE OF POWER WITH RESPECT TO £o 
According to equations (A2-2) and (A2-3), the following derivatives 
P 
with respect to o can be obtained. 
8J* = W(*o) 
3£0 " ~D3lV (A2-29) 
where W(£o) = Q*o2 +R^o +S (A2-30) 
D3(*o) = (^ + -j|| - cotal -cota2 )2 
= B2 (A2-31) 
and 
Q = -4- (4- +■ ±-  ) (A2-32) h2  hi  h2 
R = --?- (cotal + cota2) (A2-33) 
2
      h2 
S= cot2<*2 (1-2 -HY ) + 4cotal cota2 --^lcot2al 
-2 ^2 - *hl - 3 (A2-34) 
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if     aj* 
~7T = ° > then 
W(£o)= 0 (A2-35) 
Hence 
£ _-R±/R2-4QS 
0
   2Q (A2-36) 
And the second derivative will be 
*-> 92J*   D3(£o) • 3-^> - V(lo)^pl 
U  2 ■ ' — ^ ^°    > 0 0
<D3(*o)> 2 
(A2-37) 
Since   D3(*o) > 0 and W(*o)=-0 
therefore 
aW(*o) _ 2(T^- + T^-)(^ + ^--cot=cl-cot^2)>0      (A2-40) 
3i0   "  hl   h2  hl   h2 
But     hj > 0 and h„ > 0 
so     j|o + _|o_ _ cot^ _ cot^2 > 0 (A2.41) 
nl   n2 
The inequality (A2-41) is the same as (A2-15). 
LOCAL MINIMUM OF THE POWER 
From the above derivation, if the local minimum of J* exist, then 
1-
  ^ ~^
=
  °' 
9(h2)=0 (A2_4) 
b)
  -^V >0 ,  B > 0 (A2-15) 
2.  a)  _j^ = Q ^  k(cota2) = 0 (A2-17) 
o(Xp 
p 
b)
  ~to^ > ° ' 2Hcota2 + M <0 (A2-28) 
3
*   
a)
   "SF = ° ' w(*o) = °      '       (A2"29) o ,, 
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b)
  —MJ^  > 0 ,  B > o (A2-30) 
The local minimum of the power function J* can be expressed 
implicitly by solving equations (A2-4), (A2-17) and (A2-29) simultaneously 
while the inequality (A2-15), (A2-28) and (A2-31) must be obeyed. 
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